M.E.I. STRUCTURED MATHEMATICS

UNIT M1

Unit M1: Scheme of Work
For first teaching in September 2004
Unit Title

Mechanics 1 (4761) is an AS unit.

Objectives

To introduce students to mathematical modelling and to the basic concepts in kinematics, statics and dynamics which underlie the study of mechanics.

Students will be expected to formulate models, using the mechanics within the specification, and to show an appreciation of any assumptions made; they will also be expected to make simple deductions from the model and to comment on its usefulness. They will understand the particle model.
The examination will test candidates’ knowledge of principles without excessive emphasis on algebraic or calculus skills.

Assessment
Examination
(72 marks)


1 hour 30 minutes.


The examination paper has two sections:


Section A:
five questions, each worth at most 8 marks.



Section Total: 36 marks.


Section B:
two questions, each worth about 18 marks.



Section Total: 36 marks.

In the written paper, unless otherwise specified, the value of the acceleration due to gravity should be taken to be exactly 9.8ms–2.
Calculators

A graphical calculator is allowed in the examination for this unit.

Assumed Knowledge

Candidates are expected to know the content of C1 and C2.
Textbook

“Mechanics 1” by Pat Bryden.
 SEQ CHAPTER \h \r 1Scheme of Work
Each of the blocks below is roughly one double period. The unit should take about 36 double periods (10 weeks?) to cover, plus time spent on past papers for revision.

Exercises from the textbook are suggestions only. These will usually be started in class and students expected to finish them at home. Lessons should start with reference to the last exercise.

This scheme of work is a “working document” and comments and alterations are very welcome, especially if you have a new or exciting way to teach a topic.

	Topic and learning objectives
	References
	Teaching points

	M1/1 MOTION

Understand the language of kinematics: position, displacement, distance (k1)

Know the difference between position, displacement and distance (k2)

Know the relevant S.I. units (p9)
	Ch.1 p.1-4

Ex.1A (routine)
	Walk across the room and explain the difference between position (referred to a fixed origin), displacement (vector: measured from any position) and distance (scalar: total movement). Then move onto speed (the rate at which an object covers distance) and velocity (the rate of change of displacement). In one direction, this is a speed with a direction attached. Mention the units: metres and seconds please (so any minutes etc. will have to be converted).
Describe a straight line motion and draw graphs for displacement-time, distance-time, velocity-time (gradient of displacement-time graph), speed-time. What does a constant, or uniform, velocity imply about the displacement-time graph? Why? Discuss average velocity and average speed.

Now throw an object straight up in the air. The flight could be timed and the greatest height estimated, to scale the graphs correctly, and for possible later use. Draw the graphs above (upward direction positive: initial velocity not zero). If the object is caught at the same height at which it was thrown, what is the average velocity for the motion?

	Language: speed, velocity (k1)

Know the difference between velocity and speed (k3); average velocity and velocity at an instant

Draw and interpret position-time, distance-time, velocity-time and speed-time graphs, knowing the significance of their gradients (k4)
	Ch.1 p.5-8

Ex.1B Q3,4
	

	Completion of above

Language: acceleration (k1)

Know the difference between accel. and magnitude of acceleration (k3)

Draw and interpret acceleration-time graphs (k4)
	Ch.1 p.10-11

Ex.1C Q2,5
	What does the gradient of the velocity-time graph represent? Why? (Consider units.)

Define acceleration as rate of change of velocity: it is a vector. Draw the acceleration-time graph for the object above. If the upward direction is taken as positive, the acceleration is negative (and constant) so the object is decelerating (mention “retardation”). Also draw the graph of the magnitude of the acceleration: note that this is not the gradient of the speed-time graph!

	Calculating, and knowing the significance of, areas under speed-time, velocity-time and acceleration-time graphs (k4)
	Ch.1 p.12-15

Ex.1D Q3,5;
Q7 [MEI]
	What do the areas under these graphs mean? Why? (For a v-t graph, consider the units of area of a square 1 ms–1 by 1s.) Velocity-time gives displacement (if area below the t-axis is treated as negative: use the object thrown in the air to illustrate) and distance otherwise. Acceleration-time gives velocity.
Suitable examples can be found in MN1! E.g. (1) a car accelerates uniformly from rest at 2 ms–2, covering a distance of 36m. For how long was it accelerating? (2) A car joins a motorway travelling at 8 ms–1, and increases speed to 20ms–1 with a constant acceleration of 0.8 ms–2. How long does this take, and how far does it travel in this time? (3) A car accelerates at 2 ms–2 for 20s, holds a constant speed for 30s, then brakes uniformly to a halt. The total distance travelled was 1760m. Find the deceleration during the braking period.

	Completion of above
	
	

	M1/2 MODELLING USING CONSTANT ACCELERATION
2.1. Mathematical modelling

Understand the concept of a mathematical model (p1)

Be able to abstract from a real world situation to a mathematical model (p2)

Know the language used to describe simplifying assumptions (p3)
Understand the particle model (p4)
	Ch.2 p.20-22
	The process of modelling: solving a real-world problem: specifying it; making simplifying assumptions; representing the problem mathematically; solve the mathematical problem; interpret the solution in the context of the original problem. If the solution is not satisfactory, the process is repeated: hence “modelling cycle”. Examples of  problems that may be solved in this way: how far apart should speed bumps be placed so that cars do not reach speeds in excess of 30 mph? At what angle should you hold an umbrella to keep dry in the rain? Discuss.
The language of simplifying assumptions (light, smooth, uniform, inextensible, thin, rigid) is mostly introduced in subsequent sections. The particle model is introduced here: the body has no size but does have mass. So rotation is ignored, forces all act in one place.

Return to questions above: simplifying assumptions could include: car is a particle; motion in a straight line; speed of car zero on bumps; rain vertical, etc.

	2.2. Constant acceleration formulae
Recognise when the use of constant acceleration formulae is appropriate (k7)

Derivation of formulae v = u + at,

s = ½(u + v)t, s = ut + ½at2, v2 = u2 + 2as, s = vt – ½at2 and use in solving problems (k8)

Know that the acceleration due to gravity is 9.8ms–2
	Ch.2 p.22-28
Ex.2A Q2 orally;
Q4-6
	Discuss situations when acceleration constant: particle falling under gravity; particle moving under a constant force, etc. Define s, u, v, a and t for use in formulae.
Constant acceleration means the v-t graph is a straight line. Comparing with y = mx + c gives v = u + at.

The area under the graph gives displacement, so s = ½(u + v)t (area of trapezium).

Substituting v = u + at into this gives s = ut + ½at2. (These assume that s = 0 at the start of the motion.)
Rearranging these and substituting give v2 = u2 + 2as and s = vt – ½at2.

There are many suitable problems to solve.

Include an example of free fall under gravity, to illustrate the magnitude of the acceleration.

	Further examples including use of non-zero initial displacements (k8)
	Ch.2 p.29-33
Ex.2B Q5,6,8;
Q10 [MEI]
	If we start with a non-zero initial displacement s0, we have s = ut + ½at2 + s0 and s = vt – ½at2 + s0. If this is not obvious, link area under v-t graph to integration, and introduce s0 as a constant of integration.
Again, there are many suitable problems to solve.

	Investigation using mathematical modelling: speed bumps (p1-p8)
	Ch.2 p.35-36
	Now we have some more mathematics, we could complete the investigation started above.

	Completion of above
	Assessment 1
Test 1
	

	M1/3 FORCES AND NEWTON’S LAWS OF MOTION
3.1. Force diagrams
The concept of force and language related to it: weight, resistance, tension, (normal) reaction, frictional force (d1)
The ideas of resultant force and equilibrium

Simplifying assumptions: smooth (p3)
	Ch.3 p.37-43
Ex.3A (as many as possible)
	What is force? Discuss: its effect is to change the motion of an object. The magnitude and direction of the applied force determines how its motion changes. E.g. a book on a table, which continues to lie at rest, so no net or resultant force (vector sum of all forces acting) acts on it. Zero resultant force ( book in equilibrium ( no change in motion.
What causes force? (a) attraction, (b) contact or (c) attachment. (a) Gravity: perhaps using Newton’s law of universal gravitation, derive the expression W = 9.8m to relate the rate of an object to its mass: make this distinction clear. (b) (i) Consider the book in equilibrium on the table. No resultant force ( no net vertical force ( weight balanced by upward force exerted by table on book: normal reaction. (ii) Give the book a horizontal push: it may not move because of a resistance or frictional force, which acts in a direction opposed to potential movement. The mythical smooth surface implies no friction.

(c) Tension: Tie a string to the book: pull it and the book moves. Explain the change in motion via tension in the string. Strings can never push, and must be taut to pull.

	Know and understand the meaning of Newton’s third law (n1)

Be able to identify the forces acting on a system and represent them in a force diagram (d2)
	
	N3L: “if A exerts a force on B, B exerts an equal force in the opposite direction on A”. For the book on the table, consider the forces on the book, and on the table.
Provide some examples. Include particles connected round a pulley to illustrate “smooth” and N3L.

And/or do a few from Ex.3A together.

	3.2. Force and motion
Know and understand the meaning of Newton’s first law (n1)
	Ch.3 p.44-46

Ex.3B Q3,4 orally;
Q2
	Consider the motion of a supermarket trolley. It stays at rest if we do nothing to it. If we push it, it accelerates away. If we cease pushing it, it decelerates. Discuss these conclusions, which illustrate N1L: “every body continues in a state of rest or uniform motion in a straight line unless acted on by an external force”. Deductions: at rest or constant velocity ( no resultant force; changing speed or direction ( resultant force. Read the examples on p.45-46 (inventive use of clipart!)

	Forces: driving force, resistance to motion, tension, thrust (d1)

Know and understand the meaning of Newton’s second law: use in relating weight to mass (n1)
	Ch.3 p.47-51
Ex.3C (routine)
	A couple more forces: driving force (exerted by an engine or by a cyclist!) and thrust (balance a book on a ruler, or sit on  table: the legs push the top and the floor apart). Read examples p.47-49.

N2L: what happens if we apply a force to an object, e.g. the shopping trolley above? Sensible to conclude that the bigger the force, the bigger the change in motion, i.e. the bigger the acceleration; also the larger the mass of the object, the larger the force required to produce a given acceleration. So F ( ma, and choosing the constant to suit the units gives F = ma.
Comparing this with work above verifies that 9.8 is the acceleration due to gravity.

	Applying the above to statics problems involving pulleys, including assumptions (smooth, light) (p3)
	Ch.3 p.52-54
Ex.3D Q1,4,6
	N2L is only used here to relate mass and weight. Dynamics are introduced in Chapter 4.
The examples here are mainly about pulleys, which provides an opportunity to discuss the assumptions (smooth pulley, light string) and their consequences (tension same either side of pulley, mass of string can be neglected).

	M1/4 APPLYING NEWTON’S SECOND LAW
Applying Newton’s second law to obtain the equation of motion for a particle in 1-dimensional motion (n1,n2,n3)
	Ch.4 p.58-59

Ex.4A (routine)
	Applying N2L gives the equation of motion. Consider a balloon descending vertically at (a) a constant speed; (b) accelerating downwards at 2 ms–2. What forces are acting? Start to stress the importance of clear force diagrams, and directions. Calculate the upthrust.

	Use in progressively more complicated situations: lifts, use with equations of constant acceleration
	Ch.4 p.60-62
Ex.4B Q3,8;
Q6 [MEI]
	Now apply the above to e.g. (1) a block on the floor of a lift accelerating (a) up, (b) down; (2) a car braking from a specified speed over a specified distance, which brings in the equations of uniform motion. Read examples p.60-62.

	Connected particles: solve by formulating separate equations of motion for each particle, and for the system as a whole (n5)
Assumption: inextensible (p3)
	Ch.4 p.65-70
Ex.4C Q2;
Q3,4,5 [MEI]
	Consider two particles connected by a light, inextensible string over a smooth pulley and hanging freely. Discuss effect of assumptions: the new one ensures that the two particles have a common acceleration. Choose masses for the particles: which one will go down? Stress the importance of writing separate equations of motion for the two particles. Find the acceleration, the tension and the force on the pulley. Adapt the problem to situations where (1) one particle is lying on a smooth horizontal table; (2) make the table rough; (3) bring in equations of uniform motion (e.g. B hits the floor; find the greatest height reached by A).

	Completion of above
	Assessment 2
Test 2
	

	Review of air resistance assumptions (p5-p8)
	Ch.4 p.74-76
	Although mentioned in 2.1 above, the modelling cycle or “flow chart” is explicitly introduced here for the first time. Knowledge of this is useful elsewhere, e.g. C4 comprehension. And the experiment looks fun!

	M1/5 VECTORS
5.1. Introduction
Understand the language of vectors: vector/scalar, magnitude/direction, free and position vectors; resultant (v1)

Be able to carry out elementary operations on vectors geometrically: addition, subtraction, multiplication by a scalar (v4)
	Ch.5 p.78-82

Ex.5A (routine);
Q9-11 if desired
	Most of this is very elementary material and could be set as self-study. Or just give a brief survey of (a) definition of vector, examples and notation; (b) ideas of position, displacement and free vectors; (c) ideas of magnitude and direction; (d) vector addition and the word resultant; (e) multiplication by a scalar, inverse and subtraction.

The triangle for vector addition is so important in later work on force and the students need a solid picture of it in their minds.

	5.2. Component form

Language: component, unit vectors i and j, equal and parallel vectors (v1)

Be able to carry out elementary operations on vectors algebraically using components (v4)
	Ch.5 p.84-87

Ex.5B (routine)
	The students will be familiar with column vectors from e.g. work on translations. Take a simple column vector, say [3 4], and find its magnitude and direction (which can be expressed in different ways). Repeat for e.g. [5 –12]. Add and subtract these vectors: any relationships between the magnitudes?

Equal vectors, by definition, have the same length and direction, so must have the same components.

A unit vector has magnitude 1. To produce a unit vector in a given direction, divide it by its magnitude. This can be extended to produce vectors in given directions with given magnitudes, e.g. magnitude 750 in direction [24 7].

Special unit vectors: i = [1 0], j = [0 1]. Thus [3 4] = 3[1 0] + 4[0 1] = 3i + 4j. This makes vector algebra look more like common algebra.

	Be able to find the magnitude and direction of a vector given in component form: finding a vector in a given direction with a given magnitude (v2)
	Ch.5 p.89-92

Ex.5C Q3,6,7,8
	

	Completion of above.

Extension to three dimensions
	
	All the results above can be easily extended to three dimensions by introducing a third component (and therefore a third unit vector k = [0 0 1]). The only problem to solve is in which direction k should point, which leads to the wonderfully-named Right Hand Screw Rule.

	5.3. Resolving vectors
Be able to express a vector in component form given its magnitude and direction (v3)
	Ch.5 p.93-94
Ex.5D Q5; Q12 is nice
	Easy going from component form to magnitude/direction; can we go backwards? Easy trigonometry gives us the tools, and the process is called resolving a vector. Resolve a velocity, e.g. plane taking off.
Example: p has magnitude 5, and q has magnitude 8. p lies along the i direction and q at 45°. Find the magnitude and direction of the resultant. What if we added more vectors?

	5.4. Velocity triangles

Application to relative velocity in 1 dimension (k1)
	Ch.5 p.97-98
Ex.5E Q2,4
	I have never seen a question on this, but there’s always a first time! Perhaps set the section as reading.

	M1/6 PROJECTILES
6.1. Modelling projectile motion
Modelling assumptions for projectile motion (p1-p3)

Be able to formulate the equations of motion of a projectile (y1)

Know how to find position and velocity at any time of a projectile, including maximum height and range (y2)
	Ch.6 p.101-104

Ex.6A (routine)
	Define a projectile as an object dropped or thrown in the air. Discuss modelling assumptions: object is a particle; it does not spin; the motion takes place close to the Earth’s surface; no air resistance. So the only force on the object is gravity. “Dropped” is easy. What about throwing? An object is projected from a point on horizontal ground with a speed of 40 ms–1 at 60° to the horizontal. Find (a) its position at time t; (b) its velocity at time t; (c) its maximum height; (d) its time of flight; (e) its range.
The displacement, velocity and acceleration are vectors, which have components in the horizontal and vertical directions. These components obey the equations of uniform motion, and we can treat the horizontal and vertical directions separately.

	Completion of above
	
	Obviously general equations can be derived giving such things as the maximum height, time of flight and range in terms of initial velocity U, acceleration g and angle α. See p.126-7.

	6.2. Using the model

Be able to solve problems involving projectiles: position and velocity vector at an instant (y5)
	Ch.6 p.105-108

Ex.6B (routine)
	The book introduces the vector equations of uniform at this stage. It is perhaps better just to stick to considering horizontal and vertical components separately. They are revisited in Chapter 8.

Provide some examples, including, say, determining whether the projectile is rising and falling at an instant; direction of motion at an instant (stress that this is given by the velocity vector).

Read theirs on p.109-113.

projectiles.exe is a nice program which allows investigation of e.g. the angle for the maximum range.

	Further examples


	Ch.6 p.109-113

Ex.6C Q1;
Q12-15 [MEI]
	

	Completion of above
	
	

	6.3. Equation of the path
Be able to eliminate time from the component equations that give the horizontal and vertical displacement in terms of time (y4)
	Ch.6 p.118-127
Ex.6D (introductory)

Ex.6E Q1-3
	Go back to the initial example. In (a) we obtained equations for the components of its position vector at time t. Choose some values of t, work out x and y and plot (x, y). What are we getting? Why? Set a graphical calculator into parametric mode and draw the curve. What form should its equation take? How can we manipulate our equations for x and y into this form? Eliminate t. Galileo was right!

[NB: M1 S05 contained a question which required this to be done in a more general case from a vector, so provide examples.]
Now work in general with initial speed u and angle of projection α: introduce trig identities to include one trig ratio only.

	Be able to find the initial velocity of a projectile given sufficient information (y3)
	Ex.6E Q4
	Taking the general equation of the path, if we know a point (x, y) on the path and the angle α, we can find u. Provide an example.
Accessible points and finding the angle of projection are now enrichment material, but could be covered with a bright group. There is a question in the assessment on finding the angle.

	Completion of above
	Assessment 3
Test 3
	

	M1/7 FORCES AND MOTION IN TWO DIMENSIONS
7.1. Resultant forces
Be able to apply vectors to mechanics problems (v5)

Be able to find the resultant of several concurrent forces by vector addition (d4)

Be able to resolve a force into components and be able to select suitable directions for resolution (d3)
	Ch.7 p.130-133
Ex.7A (routine)
	Take a set of (1) two, and (2) four forces, with specified magnitudes and directions, and try to find the magnitude and direction of their resultants. Discuss methods for (1). Scale drawing is inaccurate. Better to use a triangle of forces and trigonometry. Disadvantage? Cannot be extended to (2), which results in a polygon. A better general method is to resolve the forces into components, which can be summed to find components H and V of the resultant force. Or use position vectors.

	7.2. Forces in equilibrium
Know that a body is in equilibrium under a set of concurrent forces if and only if their resultant is zero (d5)

Know that vectors representing forces in equilibrium form a closed polygon (d6)

Be able to formulate and solve equations for equilibrium by resolving forces in suitable directions, or by way of a polygon of forces (d7)
	Ch.7 p.134-140
Experiment p.135/6

Ex.7B Q7,9,10;
Q12,14,15 [MEI]
	Recall the definition of equilibrium: the vector sum of the forces is zero, so the sum of their resolved parts in any direction is zero. These directions do not need to be horizontal and vertical.
The book provides the classic example of the weight on the slops (p.134) and then it is worthwhile looking at the experiment. The three tensions combine at A, which is in equilibrium, so the tensions form a closed triangle (no resultant). Applying the sine rule to this triangle gives Lami’s Theorem, which also states that if  body is in equilibrium under the action of three forces, then they must be concurrent, i.e. act through the same point.
Most problems can be solved by resolving, or drawing a triangle of forces. Which is easier? For the “experiment”, the triangle is much easier. Read the example on p.136/7: which is better here?

More useful examples can be found in past MEI papers. Provide at least one in which the forces are given in terms of i and j.

	Completion of above
	
	

	7.3. Dynamics in two dimensions
Be able to formulate the equation of motion for a particle in 2- and 3-dimensional motion (n4)
	Ch.7 p.147-151
Ex.7C Q8-11 [MEI]
	If there is change in motion, we have a dynamics problem. These are solved by applying N2L in vector form: F = ma. The resultant force will be in the direction of the acceleration, so resolve in this direction and if needed perpendicular to it (no acceleration).
Past MEI papers can no doubt provide useful examples. The exercise is extensive.

	Completion of above
	Assessment 4
Test 4
	

	M1/8 GENERAL MOTION
8.1. One dimension
Be able to differentiate position and velocity with respect to time and know what measures result (k5)

Be able to integrate acceleration and velocity with respect to time, and know what measures result (k6)
	Ch.8 p.157-164
Ex.8A (diff.) Q1,2
Ex.8B (int.) Q1,4
	Velocity is rate of change of displacement; acceleration is rate of change of velocity. Express these statements in the notation of calculus: v = ds/dt; a = dv/dt = d2s/dt2. Reverse this to introduce integration. But what if a is not constant, or not known to be constant? E.g. a particle moves so that v = 6t(3 – t) ms–1. Find (a) when it is at rest, (b) its maximum velocity, (c) an expression for its acceleration, (d) the total distance it travels between the times in (a).

	Completion of above
	
	

	Deriving the constant acceleration equations via calculus
	Ch.8 p.164-165
Ex.8C Q3;
Q9-12 [MEI]
	Starting with constant a, we can derive the equations of uniform motion. Stress constants of integration, which produce u in v = u + at and the s0 in s = ut + ½at2 + s0.

	8.2. Two and three dimensions
Be able to use vectors to solve problems in kinematics (k12)

Be able to extend the scope of techniques from motion in 1 to that in 2 and 3 dimensions by using vectors: the use of calculus and vector versions of the constant acceleration formulae (k10)

Understand the language of kinematics appropriate to motion in 2 and 3 dimensions: position vector, relative position (k9)
	Ch.8 p.169-175
Ex.8D Q2,5,8,10;
Q14 [MEI]
	Consider an aircraft in takeoff: its position is given by r = 40ti + 0.05t3j. What is its velocity and acceleration at time t? Differentiate the vectors componentwise. Now criticise the model! (As an aside, can we find the Cartesian equation of the path of the aircraft?)
Reverse the process: a particle has acceleration a = 2ti + 2j and is initially at the origin with velocity i. Find v and r by integration.

Just as in the one-dimensional case, we do not need to use calculus every time: if the acceleration vector is constant, we can use vector forms of the equations of uniform motion, which can be derived by integration or by comparison with the 1d case. s corresponds to r and v2 and u2 have no vector analogue.

Provide examples. Questions on this topic often ask about the direction of motion: stress that this is given by the velocity vector. To show an object is “never at rest”, find when one component of the velocity vector is zero, and show that the other(s) is not. To find when an object is moving “due North”, the East component of the velocity vector is zero and the North component positive.

	Completion of above
	Assessment 5
Test 5
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