M.E.I. STRUCTURED MATHEMATICS

UNIT C3


Unit C3: Scheme of Work

For first teaching in September 2004

Unit Title

“Methods for Advanced Mathematics”, Core 3 (4753), is an A2 unit.

Objectives

To build on and develop the techniques students have learned at AS level, with particular emphasis on the calculus.
Assessment

Examination
(72 marks)


1 hour 30 minutes.


The examination paper has two sections:


Section A:
5-7 questions, each worth at most 8 marks.



Section Total: 36 marks.


Section B:
two questions, each worth about 18 marks.



Section Total: 36 marks.

Coursework
(18 marks)

Candidates are required to undertake a piece of coursework on the numerical solution of equations.

Calculators

A graphical calculator is allowed in the examination for this module.

Assumed Knowledge

Candidates are expected to know the content of Units C1 and C2.

Textbook

“A2 Pure Mathematics” C3/C4, by Berry, Hanrahan, Porkess and Secker.

 SEQ CHAPTER \h \r 1Scheme of Work
Each of the blocks below is roughly one double period. The unit should take about 32 double periods to cover, plus the coursework and time spent on past papers for revision.

Exercises from the textbook are suggestions only. These will usually be started in class and students expected to finish them at home. Lessons should start with reference to the last exercise.

This scheme of work is a “working document” and comments and alterations are very welcome, especially if you have a new or exciting way to teach a topic.

	Topic and learning objectives
	References
	Teaching points

	C3/1 PROOF
Proof by direct argument, exhaustion and contradiction (p1)

Disprove a conjecture by the use of a counter-example. (p2)
	Ch.1 p.2-6

Ex.1A (as many as desired)

A good reference is “Are You Sure?” by the Mathematical Association
	How would you prove that the sum of the interior angles in a triangle is 180°? Are either of these proofs: draw a triangle, tear off the corners and stick them together; draw a triangle on Geometer’s Sketchpad, measure the angles and wiggle it about. How would you prove this result?
More angles: the interior angles of a polygon add to 180(n – 2) degrees: find as many proofs as you can.

We can classify proofs into proofs by direct argument (1), by exhaustion (2) and by contradiction (3). There are many examples of (1) which could be discussed, e.g. the quadratic formula, circle theorems, cos2θ + sin2θ = 1, sum of first n odd numbers is n2 (try a diagram), tests for divisibility, 9n – 1 is a multiple of 8 for positive integers n (expand (8 + 1)n by the Binomial) and (if feeling brave) dissecting a circle (via Euler’s formula). (2) and (3) are harder: examples of 2 include proving that a square number cannot end in a 7 and that n2 + n is even if n is an integer (consider n even or odd). This can be taken further, e.g. prove that there are exactly five regular polyhedra, enumerate the different possibilities if three polygons meet at a point. That n2 + n is even can also be proved by (3) (suppose odd: then n and n2 are of opposite parity): of course we also have the proof that there are an infinite number of primes. Further mathematicians can investigate the AM-GM inequality: this can be proved by contradiction.
Easier to disprove than to prove: all odd numbers are prime (9); all prime numbers are odd (2). How about investigating Fermat “primes” (of the form 
[image: image1.wmf]2
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): it took a long time to disprove the case n = 5, but now just ask Derive.

	Completion of above
	
	

	C3/2 NATURAL LOGARITHMS AND EXPONENTIALS
2.1. Natural logarithms
The simple properties of logarithmic functions, including the function ln x (a1)

The graph of y = ln x (a3)
	Ch.2 p.8-11
	Start with a brief review of logarithms from C2. A logarithmic function is one which satisfies the three laws. The approach in the text is sound, but the proof relies on integration by substitution. So we’ll use the TI-83: L(a) = Fnint(1/x, x, 1, a), where Fnint is #9 on the Math menu. Tabulation for a = 1, 2, 3, 5, 6, 8 and 10 allows verification of L(a) + L(b) = L(ab), L(a) – L(b) = L(a/b) and L(an) = nL(a). So L(x) is a logarithmic function. What is its base? Using the fact that logpp = 1, we need to find p such that L(p) = 1: use fnint and decimal search to show that this number is e. L(x) = logex which is abbreviated to ln x. Use the calculators to draw the graph of y = ln x.

	2.2. Exponential functions
The simple properties of exponential functions, including the function ex (a1)

The relationship between ln x and ex (a2)
The graph of y = ex (a3)

Problems involving exponential growth and decay (a4)
	Ch.2 p.12-15
Ex.2A Q1-5,8;
9,10 [MEI]
	Make x the subject of y = ln x: x = ey. We want to draw y = ex: what is the effect on the graph of inter-changing x and y? (More of this later.)
y = ex is the exponential function; y = ax is an exponential function. The variable x appears as an index or exponent. Use the calculators to draw y = ax for various values of a (does it make sense if a < 0?) and y = e–x to illustrate exponential decay. Now use the calculators to investigate eln x and ln(ex): these functions “undo” each other. (More of this later!)
Include examples on exponential growth and decay, solving equations and changing the subject of formulae involving ln and exp.

	Completion of above
	Assessment 1
	


	C3/3 FUNCTIONS
3.1. Introduction
Definition of a function, and associated language: mapping, object, image, domain, codomain, range, many-to-one etc.; notation and use of graphs (f1)
	Ch.3 p.19-23

Ex.3A Q1,2 (orally);
4 (some)
	Introduction to the idea of a function: the height of a ball thrown vertically upwards with initial speed 20 ms–1 after time t is h = 20t – 5t2. The formula gives h in terms of t, and assigns to each value of t between 0 and 4 (why?) a unique value of h between…what? This is an example of a function: notation h(t). Functions are an example of a wider class called mappings: the examples in the text (p.19/20) are excellent, or use e.g. “has factors”. Develop words “object” or input; “image” or output; domain; co-domain; range; many-to-one, one-to-one, etc. Reinforce the idea of a graph as a picture of a function; the graph of a one-to-one function always slopes one way; use y = x2 as an example to show how restricting the domain can produce a one-to-one function.

	3.2. Transformations of graphs
Given the graph of y = f (x), sketch related graphs: y = f (x ± a), y = f (x) ± a, y = f (ax), y = af (x) (f3)
The effect of combined transformations on a graph: forming the equation of the new graph (f2)
Applying transformations to the basic trigonometric functions (f4)
	Ch.3 p.25-28

Ex.3B Q1,2 (some), 3-5; 6 [MEI]
	Review from C1 and C2 the transformations (translations and one-way stretches) as listed opposite. Then use the TI-83 and a worksheet: draw as Y1 the “bump” y = √(1 – x2). To enter e.g. f (x + 2), enter Y1(X+2) using the VARS menu.
Combinations of transformations also occur on the worksheet and combinations of translations and translations with reflections are likely to have been met in C1/C2. If desired use Activity 3.1 (p.25) which illustrates the fact that order matters when transformations are combined.
Review the graphs of sin x, cos x and tan x. Compare the graphs to obtain e.g. cos x = sin(x + 90), tan x = tan(x + 180) etc. Then e.g. starting with y = sin x, show how to obtain e.g. y = 3 sin (6x + 180) + 4, and find the range of this function; use in modelling periodic behaviour, e.g. tides, length of daylight.

	Reflections: y = f (–x), y = –f (x) (f2,f3)
The general quadratic curve
	Ch.3 p.30-33
Ex.3C Q3,7;

4,8 [MEI]
	Reflections are special cases of the stretches covered above and should have been met before.

Starting with the “standard” quadratic curve y = x2, describe a sequence of transformations which will give the graph of (i) y = 2x2 – 12x + 23, (ii) y = 6x – x2 – 5 (and hence give the range of the functions).


	3.3. Composite functions
Finding a composite function gf (x) (f5)
	Ch.3 p.36-38

	Composite functions are an easy idea to introduce: function “machines” f (x) = x2 and g(x) = x + 5: pass 3 through f, then g, etc. Introduce notation f 2 for ff.
Another example: f (x) = √x, g(x) = x – 5: find fg(x), gf (x). Are the domains of the composite functions the same?

	3.4. Inverse functions
The conditions for an inverse function to exist, and finding it algebraically and graphically (f6)
	Ch.3 p.39-45
	Inverse functions can be motivated by an easy example, e.g. g above, and then revision of the definition of a function and a quadratic graph can motivate the need for one-to-oneness; restrict the domain if necessary. If y = f (x), x = f –1(y): to find f –1(x), then, we need to swop x and y (which has the effect of reflecting the graph in y = x: see above) and then make y the subject. Discuss the domain and range of the inverse function, and include quadratic, exponential and bilinear functions in examples: especially consider the domain and range of the bilinear function and its inverse. Also include self-inverse functions such as f (x) = –x and f (x) = 1/x: ask students to prove that f (x) = (x + a)/(x – 1) is self-inverse for all values of the constant a.

	Completion of above.
The functions arcsin, arccos and arctan, their graphs and appropriate restricted domains (f7)
	Ch.3 p.45-46

Ex.3D Q2,5,6;
7,10,11 [MEI]
	Draw the graphs of y = sin x, cos x and tan x. Are they functions? But they do have inverses. Experiment with a calculator to find the range of the inverse function and hence the restricted domains of the original functions, and draw the graphs of the inverses. The reciprocal trig functions will be met in C4.

	3.5. Even, odd and periodic functions
Language: odd; even; periodic (f1)

Understand what is meant by these terms, and the symmetries of the associated graphs (f8)
	Ch.3 p.49-53
Ex.3E Q1,2,3 (orally);
4,6;

9 [MEI]
	This work develops nicely from trig functions. Describe the symmetries of y = cos x and y = sin x; derive the conditions f (–x) = f (x) for cos x, and f (–x) = –f (x) for sin x by considering a rotation as a combination of two reflections. Define odd and even functions in terms of these relations and the symmetries of the graphs, and ask for more examples. Translation symmetry helps with periodicity: f (x + a) = f (x).
Examples should include a proof that a function is odd or even (e.g. f (x) = x/(1 + x2)) and sketching the graph of a piecewise-defined function which is, say, odd and periodic and defined over a narrow range.

	3.6. The modulus function
Understand the modulus function: graphs of linear functions involving a single modulus sign (f9)

Modulus inequalities, including use to express upper and lower bounds (f10)
	Ch.3 p.56-59
Ex.3F Q1-3 (some)
	Define the modulus function and draw the graph of y = |x|; the negative part of y = x is reflected in the x-axis. This method can always be used to get the graph of y = |f (x)| from the graph of y = f (x): do this for, e.g. y = |2x – 4|, and demonstrate that this is consistent with the ideas in 3.2 above (translate graph of y = |x| 2 units to the right, and then stretch horizontally, factor ½.
What can we deduce about x if |x| = 3? (Notice that this is the same as x2 = 9.) What if |x| < 3? x is within 3 of 0. Turning this around, can we write the inequality 2 < x < 8 as a statement involving a modulus? x is within 3 of 5, so |x – 5| < 3. This can be generalised if desired: |x – a| < b ( a – b < x < a + b (x is within b of a); we have solved the inequality |x – a| < b. Now solve |3x + 2| < 8, |x – 3| ≥ 5. What about an equation like |x – 2| = 2x – 1? Best to draw graphs. (In specimen paper, not in text.)

	 Completion of above
	Assessment 2
Test 1
	

	C3/4 TECHNIQUES FOR DIFFERENTIATION
4.1. The Chain Rule
Differentiating composite functions using the chain rule (c3)

Finding rates of change using the chain rule (c4)
	Ch.4 p.63-66

Ex.4A Q1 (routine);
2,4; 6,7 (related rates of change)
	Recall the rules for differentiation from C1 and C2.

Differentiate (x + 4)2 by multiplying out, and factorise result; predict and check for (x + 4)3 and (x + 4)4, perhaps by using Derive (or the TI-92) to help with the multiplying out and refactorising. Then predict and check for (3x + 1)2, (5x + 1)3 and (2x2 + 5)3. State the rule in words and in symbols, and sketch a proof using δs. Writing out the method using t = … is recommended for later work on integration by substitution.
Related rates of change are covered in the text, but have rarely come up in examinations. It is probably a good idea to do a couple of examples: the old Batty books have many.

	4.2. The Product Rule
Differentiating the product of two functions (c1)
	Ch.4 p.68-70
	How would you differentiate x2(3x + 2)? x(3x + 2)2? (3x + 2)√x? Multiply out. What about x√(3x + 2)? Or x(3x + 2)7? We can differentiate the constituent parts, so we need a rule for differentiating a product uv of two functions: we could go straight for a proof using δs, or use a discovery method (split up x7).

	4.3. The Quotient Rule
Differentiating the quotient of two functions (c2)
	Ch.4 p.71-72
Ex.4B Q1 (routine);
4,5,6;

8,9,10,11 [MEI]
	Move on to the quotient rule by combining the product rule and the chain rule.
Give plenty of examples, which might involve stationary points, second derivatives and tangents and normals.

	Completion of above
	
	

	4.4. Inverse functions
Differentiating an inverse function (c5)
	Ch.4 p.77-80
Ex.4C Q2;
5,6 [MEI];

1,3,4 (related rates of change)
	Consider f (x) = x3 + 2x. Is it one-to-one? How can we tell? It is, so it has an inverse, but we cannot easily find an algebraic form for it. However, we can sketch the graph of the inverse function by reflection. The point (3,15) lies on the original graph, so (15,3) is a point on the graph of the inverse. What is the gradient of the inverse function here? PAB has produced a nice graphic demonstration using Geometer’s Sketchpad. The text uses dy/dx and dx/dy which should be discussed as it is useful for 4.5, but I find that the graph idea gives a better and more reliable picture here. The textbook also uses dy/dx and dx/dy to solve a problem about related rates of change (p.80).

	4.5. Natural logarithms and exponentials
Differentiating eax and ln x, and related functions (c7)
	Ch.4 p.82-86
Ex.4D Q1,2 (routine);
7-14 [MEI]
	In 2.1, ln x was introduced as the integral of 1/x: it follows that the differential of ln x is 1/x. Then the inverse function idea allows us to differentiate ex, although we could also tackle this more generally by differentiating ax from first principles. There is a nice proof question on p.83. Further examples can be tackled using the chain rule: it is worthwhile for the students to learn the derivatives of ln f (x) (function under derivative), eax and e f (x). If we differentiate ln(3x), we get the same as when we differentiate ln x. Why?

	Completion of above
	
	Give plenty of examples, which might involve the product and quotient rules, stationary points, second derivatives and tangents and normals.

	4.6. Trigonometric functions
Differentiating sin x, cos x and tan x, their sums and differences, and related functions (c8)
	Ch.4 p.91-95
Ex.4E Q1-5 (routine, but worthwhile);
8,9 [MEI]
	It does not take much to convince students that the derivative of sin x is cos x: it seems natural! Use Autograph to draw the graph of y = sin x for x in radians: draw the graph of the gradient function on top (zoom in on (0,0) if necessary to convince that the gradient is 1). No proof is offered in the text until p.214, as it needs compound angle formulae and approximations for small angles.
Now tackle cos x: again a graph will convince that the result is –sin x, rather than sin x. Or we could consider cos x as sin(x + π/2), differentiate using the chain rule and translate the resulting cosine graph.
tan x is then tackled as a quotient: the name sec x is not met until C4.
Further examples can be tackled using the chain rule: it is worthwhile for the students to learn the derivatives of sin ax, cos ax and tan ax.

	Completion of above
	
	Give plenty of examples, which might involve the product and quotient rules, stationary points, second derivatives and tangents and normals.

	4.7. Implicit differentiation

Differentiating a function defined implicitly, including finding stationary points and the use of the second derivative (c6)
	Ch.4 p.96-100

Ex.4F Q1 (routine);
3,5; 6 (hard); 7 (xx)
	Equations of curves are often not written in the form y = f (x), but in forms such as ax + by + c = 0 or x2 + y2 + 2gx + 2fy + c = 0, which emphasise that x and y are equal partners. These are implicit equations. Sometimes we can put such equations into the y = f (x) form, but often we cannot easily do this, e.g. for the circle x2 + y2 – 4x – 6y – 12 = 0. Sketch this circle (find the centre and radius by completing the square). The point (5,7) lies on the curve: what is the gradient at this point? Discuss methods: we could use gradient of tangent = –1/gradient of radius, but this only works for circles. We need a method of differentiation for such curves. What we do is work along the expression, replacing each term by its derivative with respect to x: thus x2 becomes 2x and y becomes dy/dx. The only difficult term is the second one, which is an application of the chain rule: d/dx(y2) = d/dy(y2) × dy/dx = 2y dy/dx. Repeat this for the curves x3 + y3 + x2 – y = 0 and cos x + cos y = ½ (draw on Autograph) and for 3x2 – 2y3 = 1 (which can be rearranged: discuss which is the better method). The method also allows us to differentiate such things as ax and xx via taking logs.
To locate stationary points, we put dy/dx = 0: this will not usually give values of x directly, but will give a relationship between x and y which needs to be solved simultaneously with the equation of the curve to find co-ordinates. Provide examples.

	Completion of above
	Assessment 3
Test 2
	


	C3/5 TECHNIQUES FOR INTEGRATION
5.1. Integration by substitution
Using integration by substitution where the process is the reverse of the chain rule (c9)
Using integration by substitution in other cases (c10)
	Ch.5 p.103-107

Ex.5A Q1,2 (routine);
6-10 [MEI]
	How would you differentiate √(3x – 5)? Use substitution and the Chain Rule. Now try to integrate the same function using the same idea. We write our integrand in terms of u, so the “dx” must be written in terms of u. So must the limits in cases with limits. Provide plenty of examples, starting with cases where the integrand is a product of two functions, one of which is the derivative, or nearly the derivative, of the other, e.g. x(1 + x2)8, etc. Then move on to cases such as x/(2x + 1) and x√(x – 4). Usually the substitution will be given, but allow students to suggest their own when tackling examples.

	Completion of above
	
	

	5.2. Exponential functions
Integrating eax and related functions (c12)
	Ch.5 p.110-111
Ex.5B Q2,4,5;

9-11 [MEI]
	It is easy to integrate ex and eax as the reverse of differentiation. Include examples involving substitution, such as cos x esin x.

	5.3. Logarithmic integrals
Integrating 1/x and related functions (c11)
	Ch.5 p.111-114
Ex.5B Q1-3 (routine);
8-11,13-20 (!) [MEI]
	ln x was defined as the integral of 1/x, so this should present no real difficulties. Recall the derivative of ln f (x) and hence integrate “function under derivative” f ′(x)/f (x). Hence integrate e.g. 2x/(x2 + 1), and mention that this may be tackled via substitution. Include examples where substitution is unavoidable, e.g. ln x/x, 1/(x + √x), etc. and include examples involving limits which lead to a simplification via the log laws.

	Extending the domain
	
	Integrate ln x between –3 and –2: a sketch of the graph indicates that this integral exists and is negative, but evaluating it seems to involve the calculation of ln(–3) (which does exist – ask Derive!). Use “function under derivative” to differentiate ln (–x), which exists as a real function for x < 0; hence we can define the integral of 1/x to be ln x if x > 0, and ln(–x) if x < 0: put these together and get ln|x|, which is defined unless x = 0: we cannot integrate across such discontinuities, so the integral of 1/x with limits –2 and 1 does not exist.

	Completion of above
	
	

	5.4. Trigonometric functions
Integrating sin x and cos x, and related functions (c13)
	Ch.5 p.123-124
Ex.5C Q1-4 (some)
	Reverse the results in 4.6 to integrate sin x and cos x. It is also worth knowing the integrals of sin ax and cos ax. tan x comes up in the exercise but is worth taking as an example. Include some other examples which require substitution, e.g. x sin (x2), sin4x cos x.

	5.5. Integration by parts
Using the method of integration by parts in cases where the process is the reverse of the product rule (c14)

Application to ln x (c15)
	Ch.5 p.125-129
Ex.5D Q1-4 (routine);
5 (ln x)
	Use the product rule to differentiate, say, x sin x. Use the result to deduce the integral of x cos x. Now integrate the general product rule for differentiation: if we can find one of the integrals on the right hand side, the equation tells us the other. Apply to a variety of examples, including exponential and logarithmic functions (xex, x ln x, xn ln x).
ln x has a section of the specification all to itself and is covered in Example 5.18 on p.129! What about ln (ax)?
Using integration by parts more than once is excluded from the specification, but appears in the text as an extension.

	Definite integration by parts
	Ch.5 p.131-132
Ex.5E Q1 (some),2,6;
7 [MEI]
	When we use integration by parts to evaluate a definite integral, the term uv on the right-hand side of the expression has already been integrated, and therefore should be written in square brackets with the limits indicated. Provide several examples.

	Completion of above
	Assessment 4
Test 3
	


	C3/6 NUMERICAL SOLUTION OF EQUATIONS

	
	This topic will not be assessed in the examination: since it is the subject of the coursework.
Encourage hands-on experience with graphical calculators and software such as Autograph: its graphs can easily be copied into Word where they can be annotated, and a trial version is available for download and used at home.
This may be taken at the start of work on this unit: the Chain Rule may be needed to obtain an explicit expression for g′(x) in 6.2, but this is not really required.
Starting point: language equation/expression: g(x) is an expression, g(x) = 0 is an equation; root/solution: a quadratic equation may have two roots; the solution comprises both of them. But why would we use a numerical method to solve a quadratic? A little history: algebraic methods are available to solve cubics and quartics, but we don’t know them: Galois proved that there is no such method for a quintic.
Useful to know interval notation: [3, 4] means 3 ≤ x ≤ 4; (3, 4) means 3 < x < 4.

	6.1. Change of sign
	Ch.6 p.135-141
	In this section we need to find one root of an equation to an accuracy of ±0.5 × 10–3 (3 d.p.)
How would a Year 8 pupil solve a quadratic equation? Decimal search. We obtain a sequence of interval estimates of increasing accuracy (the lengths of the intervals divide by ten each time). To get a root to an accuracy of 3 d.p. we need to work to 4 d.p. Error bounds are the ends of the interval in which the root is located, and should be given explicitly.

	
	
	The most convincing way to demonstrate failure is to square a quadratic with irrational zeros. The resulting curve touches the x-axis at these irrational values of x, producing no change of sign at integers. Derive is good for constructing this sort of example.

	6.2. Rearrangement
f (x) = 0 ( x = g(x)
	Ch.6 p.143-149
	In this section we need to find one root of an equation. No accuracy is specified, but it would be a good idea to use 3 d.p. No error bounds are required, which is odd as they really are needed to verify the root in the case of one-sided convergence.
Start by exploring ideas of iteration with graphical calculators (or ordinary ones with an ANS key), e.g. by using un+1 = kun(1 – un) with u1 = 0.7 and k = 2.5, 3.1, 3.5, 3.9. Then use un+1 = ½(un + 5/un) to show convergence to √5 (with virtually any starting value): why does this happen? Assume convergence to x: then when n is large enough, un = un+1 ≈ x and rearrange to x2 = 5. Reverse the idea to obtain convergent sequences which solve equations: use Autograph to produce cobweb and staircase diagrams.

	
	
	Failure: some rearrangements diverge, and others converge, but to the wrong root. Draw some diagrams and obtain the condition –1 < g′(x) < 1 at the root. (There is no need to differentiate explicitly: a picture can be used, and the gradient of the curve compared with that of y = x.)

	6.3. Newton-Raphson
	Ch.6 p.150-152
	In this section we need to find all the roots of an equation (which must have more than one) to an accuracy of five significant figures, and demonstrate the error bounds for one of them.

Demonstrate the method, and derive the iteration formula, stressing that this “bookwork” is not required in the coursework. An example or two should be sufficient.

	
	
	An easy way to construct a case of failure is to start with a cubic curve which touches the x-axis at one point, and then translate it up or down so that roots occur near a turning point at an integer.

	
	
	Compare the methods by picking one equation, say, the one used for decimal search, and solving it by the other two methods to the same degree of accuracy. Count the steps to compare the speed of convergence. The comparison of ease of use should be comprehensive.
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