M.E.I. STRUCTURED MATHEMATICS

UNIT C2

Unit C2: Scheme of Work
For first teaching in September 2004
Unit Title

“Concepts For Advanced Mathematics”, Core 2 (4752), is an AS unit.

Objectives

To introduce students to a number of topics which are fundamental to the advanced study of mathematics.
Assessment
Examination
(72 marks)

1 hour 30 minutes.


The examination paper has two sections:


Section A:
8-10 questions, each worth no more than 5 marks.



Section Total: 36 marks.


Section B:
three questions, each worth about 12 marks.



Section Total: 36 marks.

Calculators

A graphical calculator is allowed in the examination for this module.

Assumed Knowledge

Candidates are expected to know the content of Intermediate Tier GCSE and Core 1.
Textbook

“AS Pure Mathematics” C1/C2, by Hanrahan, Matthews, Porkess and Secker.
 SEQ CHAPTER \h \r 1Scheme of Work
Each of the blocks below is roughly one double period. The module should take about 40 double periods to cover, plus time spent on past papers for revision.

Exercises from the textbook are suggestions only. These will usually be started in class and students expected to finish them at home. Lessons should start with reference to the last exercise.

This scheme of work is a “working document” and comments and alterations are very welcome, especially if you have a new or exciting way to teach a topic.

	Topic and learning objectives
	References
	Teaching points

	C2/1 SEQUENCES AND SERIES
1.1. Introduction
Definition of sequence: finite and infinite sequences (s1); arithmetic and geometric sequences, deductive and inductive definitions (s2); periodic and oscillating sequences (s5)
	Ch.7 p.160-167

Ex.7A Q2 (routine),

8 [MEI]
	Start with the definition of a sequence (a list of numbers where there is a definite rule to get from one number to the next) and establish familiarity with the word “term” and the notation an. Then a possible way to proceed is to give the class these ten sequences, and discuss them with a view to classification: (a) 1, 2, 4, 11, 22, 44; (b) 1, 3, 5, 7,... (c) 1, 2, 4, 8,... (d) 1, 2, 6, 24, 120,... (e) 1/3, 1/6, 1/12, 1/24,...

(f) 2, 5, 8, 11,... (g) 1, 4, 9, 16,... (h) 3, –3, –9, –15,... (i) 1, –1, 1, –1,... (j) 1/2, 2/3, 3/4, 4/5,...
(a) is a finite sequence (factors of 44 in order): the rest are infinite.
(b), (f) and (h) are arithmetic; (c), (e) and (i) are geometric.

(d) is neither: discuss deductive definition (an = n!) and inductive definition (ak = kak–1). Sometimes a deductive definition is hard (e.g. Fibonacci); an inductive definition needs a place to start. Also discuss deductive definition for (j), which converges to 1: (e) converges to 0: the others are divergent except for (i) which oscillates. Periodic behaviour is also possible: investigate an+1 = 1 – 1/an, a1 = 2 which has period 3, and trig functions provide us with sequences of any desired period (e.g. an = sin(90n)).

	Definition of series (s3)

Sigma notation (s4)
	Ch.7 p.161-167

Ex.7A Q3,4,5
	A series is the sum of the terms of a sequence: we use the Greek letter ∑ to indicate summation, with the position of the first and last terms involved given as limits. Given a sequence with a deductive definition, we can write expressions using sigma notation and the formula for the kth term for various sums. This notation is always found difficult and plenty of examples will be required: one of the major difficulties is that the answer is not unique! E.g. 
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 (Ex.7A Q4 (iii)).

	1.2. Arithmetic sequences and series
Definitions (s7)

Standard formulae: nth term, sum to n terms (s8)
	Ch.7 p.169-173
Ex.7B Q1 (orally),

2,5,6,8;

12,13,17,18 [MEI]
	Find the 43rd term of 2, 5, 8, 11,...? Students should have been able to write down the formula for the nth term of an arithmetic sequence since Year 7, possibly as “n × step + 0th term”: let’s adapt this to A-level requirements and find a formula for the nth term in terms of the first term a and the common difference d: the 0th term is a – d so the nth term is nd + a – d = a + (n – 1)d. Or jump 42 gaps.
Now, can we add the first 43 terms of 2, 5, 8, 11,...? 2 + 5 + 8 + 11 + ... + 125 + 128 = S: reverse and add vertically: S43 = (2 + 128) × 43/2, and generalise to Sn = (first + last) × n/2: write in terms of a and d. Take the triangle numbers as a special case. Include examples where the sum to n terms is given as a formula, and the kth term is required (ak = Sk – Sk–1).

	Completion of above
	
	

	1.3. Geometric sequences and series

Definitions (s9)

Standard formulae: nth term, sum to n terms (s10)

Problems involving arithmetic and geometric sequences and series (s12)
	Ch.7 p.176-181
Ex.7C Q1 (orally),

2,4,6,7,19;

12,20,21 [MEI]
	Find the 12th term of 3, 6, 12, 24,...? Start at 3, jump 11 gaps, so 3 × 211 = 6144. Generalise, and find the sum to n terms by considering S and rS: this could be set as an investigation. Useful to have two forms of the sum formula, one (containing r – 1) for r > 1, and one (containing 1 – r) for r < 1. What happens if r = 1?
For problem-solving, applications to salaries (which would you rather, an increase of £1000 per year or a 4% increase every year), savings plans and loans are popular MEI contexts, but equations of the form an = b have to be solved by trial and improvement as logarithms will not be met until C2/5.

	1.4. Freddie the Frog
The condition for a geometric series to be convergent: its sum to infinity (s11)
	Ch.7 p.181-183
Ex.7C Q9,10,14,18;

13,15,22,23 [MEI]
	Freddie the Frog needs to get to his pond which is 20m away. His first jump is 5m, but he gets tired and every successive jump takes him just 70% of the previous jump. Does he get to the pond? Sum to n terms of geometric series with a = 5, r = 0.7: evaluate Sn for n = 5, 10, 20, 50 using EXCEL; what is happening and why? Series converges towards 16⅔: explain with reference to the formula and the rn term. Applications include the total distance travelled by a bouncy ball (write the series using sigma notation) and converting recurring decimals to fractions (review the GCSE method also). A beetle moves 1m west, then 1/2m east, then 1/4m west, etc.: sum the series to discover he finishes up 2/3m west of his starting point (a point of trisection obtained by repeated halving).

	Completion of above
	Assessment 1
Test 1
	

	C2/2 DIFFERENTIATION
2.1. Introduction
Gradient of a curve at a point as the gradient of the tangent (c1)

Gradient of the tangent as the limit of chord gradients (c2)

The gradient function: Wallis’ rule
	Ch.8 p.191-197


	Consider a distance-time graph where speed is constant: what feature of the graph gives the speed? What happens if speed is not constant? Define the gradient at a point on a curve as the gradient of the tangent at that point. The aim of differentiation is to produce a formula for the gradient of a curve.

Approximate to this gradient, say at (3, 9) on y = x2, by taking points on the curve progressively closer to (3, 9) and finding the gradients of these chords: the values should approach 6. Repeat this in general, by considering the chord from (3, 9) to (3 + h, (3 + h)2), and letting h → 0: now replace 3 by x, and prove that f ′(x) = 2x: state the general formula for differentiation from first principles. Predict for y = x3: hopefully 3x will be suggested and refuted (the gradient is not negative when x < 0). Check using the formula. This should lead to Wallis’ rule (for differentiating xn).

	The notations dy/dx and f ′(x) for the gradient function, and its meaning; the word “derivative” (c3)
Standard results: dy/dx for y = kxn, and sums of such functions (c4)
	Ch.8 p.197-201
Ex.8A (if desired, but useful)

Ex.8B (routine)
	The language and notation can cause difficulties, so review it thoroughly. The process is called differentiation; the result is sometimes called the derivative; f ′(x) is often used (and saves defining a y) but the delta/d notation δy/δx and dy/dx is more common (and will be used again in 3.2.).
We can differentiate x3: what about 4x3? The curve is vertically stretched, so the tangent is as well.

What about x3 + 4? What happens to the curve? Does this affect the gradient? What about x3 + 4x? Justify by using first principles.

	Completion of above
	Ex.8C Q2,3,7,8;
10 [MEI]
	Examples could include sketching simple curves and finding gradients at certain points, and finding points on curves where gradients take certain values.

	2.2. Tangents and normals
The equation of a tangent and normal at any point on a curve (c8)
	Ch.8 p.206-207
Ex.8D Q2,3,7;

11,12 (harder);

10,13 [MEI]
	The gradient at a point on a curve is defined as the gradient of the tangent, so to find the gradient of the tangent, differentiate the equation of the curve, and substitute the value of x at the desired point: a common error is to take the gradient function as m. Examples could include finding tangents and normals, finding where normals cut curves again and finding equations of tangents to a curve parallel to given lines.

	Completion of above
	
	

	2.3. Turning points
Find stationary points on a curve by differentiation: distinguish between maxima and minima by using the sign of the derivative (c6)
Use in curve sketching (C1)
	Ch.8 p.210-214
Ex.8E Q3,9,10;
13-15 [MEI]
	Begin with Activity 8.6 on p.210: the graph can be sketched on Autograph or a graphical calculator, rather than plotted. This is a well-chosen example: the maximum is not the highest point on the curve, for example. Maximum and minimum points are called turning points, and we can attempt to locate them by finding dy/dx and setting it equal to zero. This locates stationary points (see 2.4), not all of which are turning points! Examples involving quadratics are somewhat futile, as it is obvious what the nature of the turning point is, and it can be found by completing the square: a nice cubic such as x3 – 6x2 + 9x + 4 will do better. This has two turning points: what are they? Why? Demonstrate the sign of the gradient either side of the turning point: it is not necessary to calculate numerical values, but the students find general sign consideration more confusing. For what range of values of k does the equation x3 – 6x2 + 9x + 4 = k have more than one real root?

	Completion of above

Increasing and decreasing functions (c7)
	Ex.8E Q5,6
	An increasing function gets bigger as x increases (and vice versa), so the gradient function will be positive: consider a cubic and the ranges of values for which it is increasing and decreasing. A quadratic inequality could be solved, but it is probably easier to find the stationary points and draw a diagram.

	2.4. Stationary points
The idea of a (stationary) point of inflection as a point where the gradient is itself a max or min (c6)
	Ch.8 p.217-220
Ex.8F Q2
	Stationary points were mentioned above: what is necessary here is to define them and to consider the special cases. The origin on y = x3 is a stationary point, but a consideration of the graph reveals that it is neither a maximum nor a minimum. What is happening here? It is a stationary point of inflection. Find the gradient function and draw its graph underneath: at the origin the gradient is a minimum, and if the tangent is drawn, it is above the curve to the left of the origin, and below to the right. The text takes this as the definition of a P. of I. although I prefer the idea of the gradient having a turning point. 2.5 considers non-stationary points of inflection.

	2.5. Higher derivatives
The second derivative of a function and its use to classify stationary points (c5,6)
Use in curve sketching (C1)
	Ch.8 p.221-226
Ex.8G Q2 (if time),
3,7,9; 10 [MEI]
	The text steals the usual starting point: consider a curve with maxima, minima and points of inflection, and draw underneath its gradient function and the gradient of the gradient function: find the value of this at critical points. This proves the use of the second derivative: show the notation, explain (by considering y = x3, y = x4 and y = –x4) that the result is inconclusive if the second derivative is zero, and cover non-stationary points of inflection (e.g. at the origin on y = x3 + 4x). 

	2.6. Applications
Optimisation problems
	Ch.8 p.227-229
Ex.8H Q1,4,7;

6 [MEI]
	Time for the gold leaf drip tray! The key is to express the quantity to be maximised as a function of one variable. Also mention applications in mechanics.

	Completion of above
	Assessment 2
	

	C2/3 INTEGRATION
3.1. Introduction
Integration as the reverse of differentiation (c9)
Integration of kxn for n a positive integer, and sums of such functions (c10)

Elementary differential equations, including finding constants of integration given relevant information (c13)
	Ch.9 p.234-236

Ex.9A Q1,4;

9,10 [MEI]
	The new textbook’s approach is completely different, and rather better. The idea of an inverse is central to mathematics (e.g. solving linear equations by reversing the steps) so let’s reverse the rule we just learned. This is integration. What does it do? Suppose we know the gradient function for a curve, and want to know its equation: we know dy/dx and would like to know y. Is this the only possible curve? Any “parallel” curve would do, hence the constant of integration: if we know a point it passes through, we can find the constant and hence the particular solution. Autograph can produce a tangent field, and draw in particular solutions.

	3.2. Area under a curve
Use integration to find the area between a curve and the x-axis (c15)
Definite and indefinite integrals (c11)

Evaluating definite integrals (c12)
	Ch.9 p.239-241, 246-247
Ex.9B Q1,2 (some),

3,8
	If the students have experience of velocity-time graphs and the area under them, a way of making the connection between area and integration is to reason as follows: the area under the graph represents distance; velocity is the rate of change of distance, and so differentiating distance produces velocity, so integrating velocity should produce distance. But the new textbook’s approach is very sound: see p.239. y = dA/dx so y = … + c, and we find c by using the fact that we want the area to be zero at the left-hand boundary. The procedure is “standardised” to motivate the notation and procedure for definite integration: mention indefinite integrals as the ones with c in! Activity 9.2 is worth doing as verification, if time.

	Area under a curve as the limit of the sum of areas of rectangles (c14)
	Ch.9 p.242-245
Ex.9B Q13,15 (hard);

6,7,14 [MEI]
	The students find this hard, but the idea of an integral as a limit of a sum is very useful for later work (e.g. 3.3 below!). Probably the best thing to do is to read p.242-245.

	3.3. Area below the x-axis
Negative contributions: areas of regions partly above and partly below the x-axis (c15)
	Ch.9 p.250-252
Ex.9C Q1 (some);
2 [MEI]
	Find the area between the curve y = x2 – 9 and the x-axis: there is only one possible finite area to find, and we can calculate its start and finish points. A definite integral takes the value –36: the actual area is fairly clearly +36, with the negative sign arising because the sum of areas of rectangles (values of y δx) is negative. Cover an example where the desired region is partly above and partly below the x-axis (e.g. y = x2 – 2x between x = 1 and x = 3).

	3.4. Further areas
Area between two curves
	Ch.9 p.254-255
Ex.9D Q3,7;

11-15 [MEI]
	The examination will continue to test this topic, but only after the area under one or both curves has been found in an earlier part: the integral of (top curve – bottom curve) will not be required, although it is a useful technique (and easy to motivate via the rectangles method).

	Area between a curve and the y-axis
	Ch.9 p.258-259
	This is not in the specification, but it is mentioned in case “QCA decide it is a cut too far” and is put back! Mention it if time.

	3.5. Numerical integration
The trapezium rule: underestimates and overestimates (c16)
	Ch.9 p.260-264
Ex.9F Q1 (some?);

5-7 [MEI]
	Find the area under the curve y = √(4 – x2) between x = 0 and x = 2. We cannot integrate this (yet), but we can recognise it as part of a circle (x2 + y2 = 4) and hence find its exact area as π. Suppose we could not recognise it, or it was part of a curve without this sort of “standard” behaviour. We can approximate to the area by drawing some shapes we can find the area of around the curve: demonstrate with four trapezia, work out their total area (2.99571 from EXCEL), and the relative error. Why is this an underestimate? How could we make the estimate more accurate?

	Completion of above
	Assessment 3
Test 2 (chs 8 & 9)
	

	C2/4 TRIGONOMETRY

4.1. Trigonometrical functions
Definition for acute angles: sin θ = cos (90 – θ), etc.; sin, cos and tan for special angles (0°, 30°, 45°, 60°, 90°) (t2,4)
Extending the definitions to angles of any size (t2)

The identities tan θ = sin θ/cos θ (t5)

and sin2θ + cos2θ = 1 (t6)

The graphs of sin θ, cos θ and tan θ for all values of θ, their symmetries and periodicities (t3)

Solving trig equations in given intervals (t7)
	Ch.10 p.270-283
Ex.10A Q1,

2,3 (graphs),

4,10,11 (equations)
	sin θ, cos θ and tan θ can first be defined for θ acute in terms of x, y and r in a right-angled triangle: observe that sin θ = cos (90 – θ) [and cos θ = sin (90 – θ)] in passing. While dealing with acute angles, we can use special triangles (and limiting cases for 0° and 90°) to obtain exact values of sin, cos and tan for the special angles listed in the left-hand column.
Then extend the definitions to angles of any size by using a unit circle (r = 1), then sin θ = y and cos θ = x, so take the same signs as x and y as the point (x, y) travels round the circle (Activity 10.1). Also tan θ = x/y = sin θ/cos θ: this is true for all values of θ (except those for which cos θ = 0) and so is an identity. The other one can be derived from the unit circle by using Pythagoras.
Now use the information above to draw the familiar graphs (it’s easiest to start with cos: include negative values of θ as well), and mention their symmetries [cos θ = cos(–θ), cos θ = cos(360 – θ), cos θ = cos(360 + θ), etc.] which are useful when solving equations.

Start with some simple equations (sin θ = k, cos 3θ = k and the like) and extend to examples involving the identities, such as 6 cos θ = 5 sin θ and 8 sin2θ = 7 – 2 cos θ. “arcsin” and the like should be known.

	Completion of above
	
	

	4.2. Solving triangles
Solving right-angled triangles (t1)
The sine rule to find sides: to find angles

The cosine rule to find sides: to find angles (t9)
	Ch.10 p.285-290

Ex.10B (self-study)

Ex.10C (self-study)
	Briefly mention SOHCAHTOA: once the students know the sine and cosine rules, they do tend to apply them in all situations.
The sine and cosine rules should be thoroughly familiar from GCSE, so a brief review should be all that is necessary. Mention the conditions under which the sine rule can be used (we need to know a side and the angle opposite it), the ambiguous case, and a proof if time: it is harder to prove the cosine rule (see p.289).

	Area of a triangle (t8)
	Ch.10 p.296-297

Ex.10E (self-study)
	This should be familiar as well.

	Using the sine and cosine rules together
	Ch.10 p.292-293
Ex.10D Q1,2,6,11;

12 [MEI]
	Contexts may involve bearings, and perhaps angles of elevation and depression (p.271).

	4.3. Circular measure
The definition of a radian: conversion between radians and degrees (t10)

Radian solutions of trig equations
	Ch.10 p.299-302
Ex.10F Q1 (orally),

5,6
	Why are angles measured in degrees? Define 1 radian and discuss conversion between radians and degrees: the easiest thing to remember is that 180° = π radians. Trig equations can be solved in radians: the students will want to work in degrees and convert, but mention how to do this directly (set calculator in radians mode, and subtract from π or 2π, or add π as appropriate).

	Length of arc: area of sector (t11)
	Ch.10 p.303-304
Ex.10G Q2,3,4 (hard)

8,9 [MEI]
	It is easy to derive these to formulae: 360° = 2π radians, so if the angle is given in radians, the arc or sector is θ/2πths of the circle. Examples should include finding the area of a segment (which shows the advantage of working with the calculator in radians mode). The early questions in the exercise are quite challenging!

	4.4. More trigonometrical graphs
Review of translations: one-way stretches [y = af (x) and y = f (ax) given y = f (x)]  (C2)
	Ch.10 p.311-315
Ex.10H Q1,5,6,8,9
	This should have been met at GCSE, and has already been referred to above (2.1). cos θ = cos(360 + θ): what does this mean in terms of the graphs? For stretches, use Activities 10.3/10.4, or just start with y = sin x, and discuss what we have to do to this graph to obtain y = 3 sin x (turn up the volume) or y = sin 3x (change the tuning). Mention stretches of factor –1 (reflections in the x- and y-axes).

	Completion of above
	Assessment 4
	

	C2/5 LOGARITHMS AND  EXPONENTIALS
5.1. Logarithms
The definition of logarithm: base (a1)

Converting from exponential to logarithmic form and vice versa (a4)

The laws of logarithms and their application (a2)

The values of loga1 and logaa (a3)
	Ch.11 p.319-323
Ex.11A Q1-6 (some orally)
	What does the “log” button on a calculator do? Use a calculator or EXCEL to tabulate log x for x = 1, 2, 3,…, 10, 100, 1000. What is going on? log x answers the question “what power of 10 is x?”: 1000 = 103 ( log 1000 = 3. Investigate log p + log q, log p – log q and log (pn), establish the laws, and prove one or two: deduce as consequences the values of loga1 and logaa.
Nothing special about 10, apart from the fact that it makes log 10n very easy. logax answers the question “what power of a is x?”: stress the equivalence y = logax ( x = ay.

	The exponential function y = ax and its graph: relate to the graph of the inverse function y = logax (a5)

Solving equations of the type ax = b (a6)
	Ch.11 p.321-324
Ex.11A Q7-10
	Start with the graphs: use a graphical calculator to sketch the exponential curve y = 2x. If we wished to sketch the graph of y = log2x, make x the subject: x = 2y (“what power of 2 is x?”). But we’ve just sketched y = 2x, so we need to swap x and y: what effect does this have on the graph? (3, 6) → (6, 3)? Reflect the graph in the line y = x.
How would we solve the equation 2x = 5? x = log25, but we don’t have a button on the calculator for log2. Take logs to base 10 of both sides: log(2x) = x log 2 by the third log law. Examples should include applications to geometric sequences and series (Which is the first term to exceed…? A radio-active substance decays at 10% per year, what is the half-life? How many terms do we need for the sum to exceed…?), inequalities (0.9t < 0.1 ( division by log 0.9, which is negative) and possibly some harder equations (e.g. 32x + 3x+2 – 36 = 0). If time, investigate the law of 70 (if something increases at r% per year, it will double in approximately 70/r years).

	5.2. Modelling curves
Reducing the equation y = kxn to linear form, and using experimental data to draw a graph to find values of k and n
Repeating the above for y = kat (a7)
	Ch.11 p.326-331
Ex.11B Q5,7,8,9,10,

11,12 [MEI]
	A Chemistry experiment or the law relating mean radius of orbit to period (mentioned in a SATs question!) might motivate y = kxn, while something like share ownership, employment in high-tech industries in a developing country, or (for a < 1) Newton’s law of cooling can be modelled by an exponential function.

	Completion of above
	Assessment 5
Test 3 (chs 10 & 11)
	

	C2/6 FURTHER DIFFERENTIATION AND INTEGRATION
6.1. Further differentiation
Differentiating kxn for negative and fractional n (c4)
	Ch.12 p.339-340

Ex.12A Q1,2 (some), 5,8,9,15,17
	Recall the rule for differentiating xn for n a positive integer and revise the differentiation of, say, x3 from first principles. Now apply the rule to 1/x. Does it work? The text provides a proof (p.340) and we can use Derive to check the result for 1/x2. Apply the rule to various examples involving negative and fractional n, including products and quotients via multiplying or dividing out (e.g. (x + 1)/√x) and applications of differentiation such as finding turning points (e.g. √x + 4/x), increasing and decreasing functions (e.g. x2/3(1 – x)) and optimisation.

	6.2 Further integration
Integration of kxn for all n ( –1, including considering validity of definite integrals and simple differential equations (c10)
	Ch.12 p.347-349
Ex.12B Q1,2 (some),

3,6,7
	Start with a revision example, e.g. sketch the curve y = 3x2 – 5 and calculate the area between the curve, the x-axis and the lines x = 2 and x = 4. Then extend the rule for integration (easy, as the reverse of the extended rule for differentiation): point out the case x ( –1. Examples should include definite and indefinite integration, areas under curves (including areas below the x-axis) and differential equations. Give an example of a definite integral which does not exist (e.g. 1/x2 between –1 and 3).

	Completion of above
	Test 4 (chs 8,9 & 12)
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