M.E.I. STRUCTURED MATHEMATICS

UNIT C1


Unit C1: Scheme of Work

For first teaching in September 2004

Unit Title

“Introduction to Advanced Mathematics”, Core 1 (4751), is an AS unit.

Objectives

To build on and develop the techniques students have learned at GCSE so that they acquire the fluency required for advanced work.

Assessment

Examination
(72 marks)


1 hour 30 minutes.


The examination paper has two sections:


Section A:
8-10 questions, each worth no more than 5 marks.



Section Total: 36 marks.


Section B:
three questions, each worth about 12 marks.



Section Total: 36 marks.

Calculators

No calculator is allowed in the examination for this module.

Assumed Knowledge

Candidates are expected to know the content of Intermediate Tier GCSE.

Textbook

“AS Pure Mathematics” C1/C2, by Hanrahan, Matthews, Porkess and Secker.

 SEQ CHAPTER \h \r 1Scheme of Work
Each of the blocks below is roughly one double period. The module should take about 35 double periods to cover, plus time spent on past papers for revision.

The material will be covered in two parts, split by the double line: the early material includes coverage of the Binomial Theorem, required for the Statistics 1 unit.

Exercises from the textbook are suggestions only. These will usually be started in class and students expected to finish them at home. Lessons should start with reference to the last exercise.

This scheme of work is a “working document” and comments and alterations are very welcome, especially if you have a new or exciting way to teach a topic.

	Topic and learning objectives
	References
	Teaching points

	C1/1 BASIC ALGEBRA

1.1. Manipulating expressions

Simplifying; removing brackets; common factors; multiplication (3p2q × 4pq3); algebraic fractions including simplifying and simple + and –, finding common denominator
	Ch.1 p.2-5

Ex.1A (self-study, especially Q6-11)
	The examples in the textbook cover the topics in the left-hand column, and little more than a brief survey will be required for most of this work, possibly apart from adding and subtracting algebraic fractions with simple denominators.

	1.2. Equations
The idea of a variable; solving linear equations (a2)

Changing the subject (a3)
	Ch.1 p.7-13

Ex.1B (self-study)

Ex.1C (all)
	What is a variable? What is an unknown?

Little practice will be required in solving linear equations.

Cover a few harder examples of changing the subject, including some with the new subject on both sides (e.g. ax + b = cx + d, y = 5x/(3x – 8)) and some involving square roots (x2 = … ( x = ±√…).



	1.3. Quadratic equations

Factorising by grouping; quadratics with a = 1; with a ≠ 1; solving by factorising (a5)

Graphical solution (a4)
	Ch.1 p.13-18

Ex.1D Q1-7 (some)
	Start with e.g. 3a + 6 + xa + 2x, and move on to quadratics where a = 1: an example such as x2 – 81 leads into the difference of two squares identity (also cover some harder applications of this, such as 4x6 – 36y2). Then move on to quadratics with a ≠ 1 (methods vary, but the best way appears to me to be to multiply a by c, split this up into two numbers adding up to b, and then factorise by grouping). Having factorised quadratics, we can now employ this to solve a few equations (mention the graphical implications, and the precise meaning of the terms “root” and “solution”) and simplify a few algebraic fractions.

	Completing the square (a = 1 only) and consequences; the quadratic formula and discriminant (a5,6)
	Ch.1 p.19-24

Ex.1D Q8-16 (some, but Q15 especially)
	How would we solve an equation like x2 – 6x + 4 = 0? We could draw the graph and estimate the roots; we could use decimal search (but we won’t); we could complete the square (review, concentrating here on its use in solving the equation, but briefly relate to the shape of the graph and the minimum point: more on this in Ch.3) or we could use the quadratic formula: derive it. Define the discriminant: mention the fact that if the discriminant is a perfect square, then the equation can be solved by factorising. Link the three cases to the graphs and to ideas of proof, such as “Prove that the equation x2 + 2px + q = 0 has distinct real roots if p2 > q” (more on proof in Ch.6). Remember that the examination is non-calculator!

	Completion of above
	
	Some equations for extensions: t4 – 13t2 + 36 = 0; √x = 6 – x (check the roots!).

	1.4. Simultaneous equations

Linear: elimination; substitution (a8)

Non-linear (a9)
	Ch.1 p.28-31

Ex.1E Q2-7 (some)
	We should not need to spend long on simultaneous linear equations: mention elimination and substitution stress graphical interpretation.

Non-linear simultaneous equations will have been covered at Higher Level GCSE: there is one decent example in the text, and very little in the exercise (although more will appear in 2.5). Perhaps provide a problem-solving application, e.g. “A rectangle has length x and width y. If the length is increased by 3cm and the width doubled, the rectangle becomes a square whose area is 135cm2 more than the rectangle. Find x and y.”

	C1/4 UNCERTAINTY

4.1. Accuracy

Absolute and relative errors

4.2. Linear inequalities (a11)
	Ch.4 p.119-123

Ch.4 p.123-124

Ex.4A Q1
	The ideas of limits of accuracy (“a measurement is subject to an error of half a unit”) and % error should be familiar from GCSE: it does not appear in the specification but is mentioned in the text.

Solving linear inequalities should be a familiar process. Provide examples containing brackets and fractions (see specification).

	4.3. Quadratic inequalities (a12)
	Ch.4 p.124-125

Ex.4A Q2 (all)
	The students do find this difficult, so it is worth spending some time on this. Only quadratics which can be factorised need to be covered: best results are obtained by linking the equation firmly to the graph.

	Completion of above
	Assessment 1

Test 1
	

	C1/3 POLYNOMIALS

3.1. Manipulation
Definition; add, subtract, multiply, divide by a linear expression (f1)
	Ch.3 p.77-81

Ex.3A (some: Q16-20 especially)
	Start by defining “polynomial”, “term”, “coefficient” and “degree”: “cubic” and “quartic” are useful; function notation can be reviewed here too, as it will be used throughout this chapter.

Addition and subtraction should not take too long: have a look at the e.g. on p.79 for multiplication. Division is stressed in the specification: perhaps begin by looking at a long division involving numbers (ignoring the students’ groans) and observe that we get a quotient, and a remainder less than the number we divide by. Now work through the e.g. on p.80 (or similar) and observe that we obtain a quotient, and a remainder (of degree less than the polynomial we divide by, which must be a constant if we are dividing by a linear expression). Several more examples will be needed to build confidence.

	Completion of above, including division “by inspection”
	
	“By inspection” = fiddling (see p.81): for this method to work as shown, we must know that the linear expression is a factor of the polynomial.

	3.2. Polynomial curves
y = xn, y = 1/xn for integers n
Turning points; behaviour for large x; intersections with axes (f6)

Sketch from factorised form including cases of repeated factors (c3)
	Ch.3 p.82-87

Ch.2 p.60-61

Ex.3B (all: sketch first, then graphical calculator provides self-check)
	Opportunity to use graphical calculators here, although the examination is non-calculator. Stress at the start the difference between “sketch” and “plot”.

Start by running through the basic shapes of y = xn and y = 1/xn for even and odd integers n: introduce words “asymptote”, “continuous”, “discontinuous”. Curves such as y = x2 + 100x and y = x3 + 100x (over a large x range) or “the trident” y = x2 + 1/x (over a large y range) demonstrate dominance.

Then investigate some simple cubic and quartic curves such as y = x3 – x and y = x4 – x2: observe the number of turning points (aim to generalise: a maximum of n – 1 for a polynomial curve of degree n) and intersections with the axes: factorise the expressions and demonstrate benefits of this form. The second curve has a repeated factor and touches the x-axis at the origin: provide another example of this type (e.g. y = x3 – 2x2 + x). Going backwards, “modelling curves”: given a curve which cuts the x-axis at –1, touches it at 2, and passes through (0, 8), can we find an equation for it?

	Completion of above
	
	

	3.3. The Factor Theorem
Use to factorise a polynomial (f2) 

Use to solve a polynomial equation (f3)

Spotting a root
	Ch.3 p.88-92

Ex.3C Q1,3,5,7,8 (and possibly 11)
	Solve a quadratic equation by factorising, e.g. x2 – 10x + 24 = 0 ( (x – 4)(x – 6) = 0 ( either x – 4 = 0 or x – 6 = 0 ( x = 4 or x = 6. Using the terminology of this chapter: f (x) = x2 – 10x + 24 is a polynomial; x – 4 and x – 6 are factors, and f (4) = 0 and f (6) = 0. This illustrates the factor theorem: if x – a is a factor of f (x), then f (a) = 0, and x = a is a root of the equation f (x) = 0. This works for all polynomials, of any degree.

What about the converse? Using the curve example above, we looked for a polynomial function f (x) such that f (–1) = 0, and discovered that a factor of f (x) was x + 1. Can we generalise? If f (x) is a polynomial and f (a) = 0, then x – a is a factor of f (x).

Applications include solving polynomial equations: start with a cubic, e.g. x3 – 13x – 12 = 0. Tabulate values (use the TABLES function on a graphical calculator) for values of x from –4 to 4: locate roots at x = –3, –1, 4. Observe that 1, 3 and 4 are factors of 12. What if we don’t want to do the arithmetic? 

Quite easy to spot the fact that –1 is a root (the coefficients being 1, –13, –12) so, by the Factor Theorem, x – 1 is a factor: we can then use long division or “inspection” to find a quadratic factor and hence the other two linear factors and roots.

Some textbooks mention an “extended form of the factor theorem”: ax – b factor of f (x) ( f (b/a) = 0. E.g. find the factors of 3x3 + 4x2 + 5x – 6 (if ax – b is a factor, a divides 3 and b divides 6).

Review the work above on “modelling curves” and remind that factors (x – a)2 will correspond to the curve touching the x-axis at x = a.

	Completion of above, including use to find an unknown coefficient (f4)

3.4. The Remainder Theorem

The idea of remainder: use of long division. The use of the theorem (f5)
	Ex.3C Q6

Ch.3 p.92-93

Ex.3C Q9,12-16;

18,19 [MEI]
	E.g. x3 + ax2 + bx – 8, where a and b are constants, has factors x + 1 and x + 2. Find a and b.

Long division of polynomials was introduced in 3.1 above. Divide, say, a cubic polynomial by a linear expression to obtain the quotient and the (constant) remainder: multiply through by the linear expression to obtain a statement of the form f (x) = (x – a)Q(x) + R, and then put x = a to show that R = f (a). Point out that we still need long division to find the quotient, and if we are dividing by an expression of higher degree. If x – a is a factor, there is no remainder, so f (a) = 0: the Factor Theorem.

Include examples of finding the remainder when dividing by, say, 2x + 3, and finding unknown coefficients.

	Completion of above
	
	

	3.5. Graphs of quadratics
Common features of quadratic graphs; use of completing the square (incl. a ( 1) to find the line of symmetry and the turning point (a7,c2)
	Ch.3 p.97-99

Ex.3D (some: all are routine practice)
	Review the work in 1.3 above on completing the square: concentrate here on the relationship between the completed-square form and the line of symmetry and vertex of the graph (minimum value). Extend the method for completing the square to expressions where a ( 1.

	3.6. Translations of graphs

Sketch curves y = f (x) + a and y = f (x – b) given the curve y = f (x) (c4)
	Ch.3 p.101-105

Ex.3E Q1,2 (some),

3,7,9,11
	This will have been met before: if students ask, other transformations such as stretches are too hard for this unit! To remind, use graphical calculators or Autograph to sketch, say, y = x2, y = (x – 2)2 and y =

(x + 3)2; then y = x2, y = x2 – 2 and y = x2 + 3. Relate this to completing the square: all quadratics with a = 1 are translations of the “standard” quadratic y = x2. Other examples could include finding the new equations of other “standard” curves, such as y = x3, after translations. Also mention y = –f (x) as a reflection in the x-axis (in Specimen Paper).

	3.7. Binomial expansions

Pascal’s triangle (f7)

Binomial coefficients: notation nCr and (n r); formulae; use in expansion of (a + b)n (f8,9)
	Ch.3 p.108-115

Ex.3F Q1,3 (some),

4,5; 9,10 [MEI]
	Define “binomial expression”, expand (a + b)n for n = 0, 1, 2, 3 and look at the pattern of coefficients. It should be recognised as Pascal’s Triangle: write down the next two rows and agree the expansions for n = 4 and 5. For, say, (a + b)20 (which can be done on Derive), it is obviously inefficient to have to continue the triangle, so we need a formula for the coefficients, and hence a notation. Define nCr as the number in the nth row and the rth place in the triangle, and hence the coefficient of an–rbr in the expansion of (a + b)n: state the formula (which is most easily justified by considering the task of picking r b’s out of n brackets, and can be revisited during S1). Students’ work on this topic is littered with errors, and plenty of examples will be required, especially of the type (2x – 3y)5: mention expansions in ascending and descending powers, and include examples involving finding a single coefficient rather than a complete expansion, and some involving approximations and % errors.

	Completion of above
	Assessment 2

Test 2
	This completes the work required to start the S1 unit.

	C1/2 CO-ORDINATE GEOMETRY

2.1. Co-ordinates (g2)

Gradient: parallel and perpendicular lines (g3)

Distance between two points (g4)

Mid-point of a line (g5)
	Ch.2 p.34-40

Ex.2A Q1 (some),

3,4,6,10
	Gradient of a line should be known: the book’s formula (y2 – y1)/(x2 – x1) looks impressive and there is a nice discussion point on p.36. The result about gradients of perpendicular lines may be familiar, but should be stressed as it provides the basis of a great number of questions. A line has infinite length, but two points are joined by a line segment of finite length: the distance formula is a straightforward application of Pythagoras, but again the formula looks impressive! Mid-points were dealt with in Key Stage 3 and students often remember the result as the “average” of the two co-ordinates.

	2.2. Equation of a straight line

Drawing a line, given its equation (g7)

Forming the equation of a straight line (g6)
	Ch.2 p.42-51

Ex.2B Q2 (some)

Ex.2C Q2,3 (routine),

5,7,10,11,12
	The form y = mx + c should be known, as should the meanings of m and c, but what are x and y? Does the point (3, 7) lie on the line y = 2x + 3, or above it, or below it? Justify the form by joining the points (0, c) and (x, y) by a line of gradient m. The one exception is a line parallel to the y-axis. Discuss aliases such as 3x + 4y = 24 and find the gradient and y-intercept.

Now cover the formula for the equation of a line through (x1, y1) with gradient m. Although students seem happier with y = mx + c (given m, substitute in the given (x, y) to find c) it is more convenient to use y – y1 = m(x – x1) in some applications, such as work with parametric co-ordinates. Give plenty of examples including: equation of a line given two points; equation of line through a point parallel to a given line; equation of perpendicular bisector.

	2.3. Intersection of two lines (g8)
	Ch.2 p.55-57

Ex.2D Q2,8;

9,10 [MEI]
	A straightforward application of simultaneous equations. The equations of the lines may have to be massaged slightly to bring them into the familiar form required. A possible example is to find the foot of the perpendicular from a given point to a line joining two other points.

	2.4. Circles
Definition: equation of a circle centre (0,0) (g12)

Equation of a circle centre (a,b) (g13)
	Ch.2 p.61-63

Ex.2E Q1,2 (some);

3,5,7
	The work on polynomial curves on p.60-61 has already been covered in 3.2.

What is a circle? It is very easy to deduce the equation of a circle from its definition: the pupils should recognise the equation from GCSE. Multiply out to obtain x2 + y2 – 2hx – 2ky + c = 0, and deduce that h and k are minus half the coefficients of x and y: demonstrate how to find r from this form by completing the square.

	Three circle theorems: angle in semicircle; perpendicular from centre bisects chord; tangent and radius; applications to problems (g14)
	Ch.2 p.63-66

Ex.2E Q6,10-13
	We can now solve problems of the following types: find the equation of the tangent to a circle at a given point given its centre; find the equation of a circle given its radius and two points on its circumference (via the centre lying on the perpendicular bisector of the chord: simple examples only!); find the equation of a circle through three points (via perpendicular bisectors); three points being given, show that the line segment joining two of them is a diameter (via angle in semicircle result) and hence find the centre, radius and equation.

	2.5. Intersection of line and curve
Simultaneous equations; configurations including tangency (g10)

2.6. Intersection of two curves (g11)
	Ch.2 p.68-71

Ch.2 p.71-72

Ex.2F Q2,5,6;

Q9-13 [MEI]
	What can happen? The line and the curve can meet in several distinct points; they can miss each other completely; the line can touch the curve. The text has suitable diagrams on p.68-69. Provide some suitable examples, including perhaps one like “y = k – x is a tangent to x2 + y2 = 4: find the values of k”.

The same principles apply here, but we are limited by the types of equations we can solve: two parabolas lead to a quadratic equation, and other situations might involve the Factor Theorem, e.g. the intersection of y = x2 – 5 and y = 4/x.

	Completion of above
	Assessment 3

Test 3
	

	C1/5 INDICES

5.1. Surds

Add, multiply, simplify (a13)

Divide by rationalising denominator (a14)
	Ch.5 p.127-130

Ex.5A (all)
	These topics will have been met at Higher Level GCSE. Review the rules: √xy = √x × √y; √(x/y) = √x ( √y; “simplest possible surd” ((20 = ((4 × 5) = 2(5); adding and subtracting, including brackets; multiplying using FOIL (include squaring and cubing, e.g. (3 – √2)3); dividing by rationalising the denominator, e.g. 2/(5 = 2(5/5 (avoid surds on the bottom); (3 + (2)/(3 – (2). A lot of this can be motivated by considering a rectangle, length 3 + √2, width 3 – √2: find the area, perimeter, ratio of sides etc.

	5.2. Negative and fractional indices

Laws of indices (a15)

Extension to negative and fractional indices; manipulation (a16)
	Ch.5 p.130-136

Ex.5B Q1-5 (orally?);

Q6-11 (most)
	Again, this should be familiar, but is the source of many errors. Review the rules of indices for multiplying, dividing and “powers of powers”: justify them, stressing that the bases must be the same and that there is no rule for adding and subtracting! a0 = 1 should be known and can easily be justified from the division rule: discuss 00 if time (get Autograph to plot y = xx). a–n as 1/an can be investigated via the division rule: a1/n = n(a justified via the “power of a power” rule, and am/n = (a1/n)m is the “nth root of a to the m” or the “(nth root of a) to the m” depending which is easier to work out. The text provides many useful examples of simplification and it is worth reinforcing all this with plenty of questions from the exercise.

	Completion of above
	Test 4
	


	C1/6 THE LANGUAGE OF MATHEMATICS

6.1. Problem solving

Include the modelling cycle (p3)

Types of numbers
	Ch.6 p.138-145

Ex.6A (if desired)
	A little light relief as we delve into the philosophy of mathematics, or at least of problem-solving. Read through the solution of the Mystic Rose problem and discuss the processes involved: it is not a good idea to “pattern-spot, predict and check” blindly (e.g. Lost Region problem), and the text does seek to justify the formula (relate to Handshakes problem if time). Then read the next section about the Modelling Cycle, which will be revisited in Mechanics. Finally, make some notes from the “Types of numbers” section at the end.

	6.2. Writing mathematics

Mathematical language, grammar and notation: implication signs; “necessary”; “sufficient” (p1)

The idea of a theorem and its converse
	Ch.6 p.149-153

Ex.6B (orally?)

Ex.6C (all)
	Some language and notation: “p is a prime number greater than 2” implies that “p is odd”: discuss writing this as an If/Then statement, and using (. Can we correctly write the statement with the symbol the other way round? The use of “necessary” and “sufficient” is quite hard to understand, and should not be laboured.

An alternative approach might be to consider the equation √(2x + 1) = √x – 5: attempt to solve it by repeated squaring, obtain “roots” and try substituting back: no solution. Where should ( have been (?

This is the idea above. Theorem: If x = 2, then x2 = 4. True, or false? What is the converse? If x2 = 4, then x = 2. Is this true? Can we give an example of a simple theorem whose converse is also true?

	6.3. Proof

Mathematical argument: disproof by counterexample; proof by exhaustion; proof by contradiction (p2)
	Ch.6 p.154-157

Ex.6D (most)
	We get to the heart of mathematics here. Unfortunately it is much easier to disprove than to prove. E.g. the theorem “all odd numbers are prime” is easy to disprove by exhibiting a composite odd number, such as 9: this is a counterexample.

What methods of proof do we know? Prompt for geometric proof, and prove the circle theorems in 2.4 together. (What are the converses? Are they true?) This is a form of “proof by deduction”: we start with facts which we assume to be true (axioms, e.g. elementary angle facts) and proceed from them to the desired result via a rock-solid chain of reasoning, Watson. Some other possible proofs include: the formula for triangle numbers (Gauss); results about odd and even numbers  (odd + odd = even, or the result from a GCSE paper that the difference between the squares of any two odd numbers is a multiple of 8); trigonometry (sin2θ + cos2θ = 1 via a triangle). The text mentions proof by contradiction as “enrichment material” but we should have time to look at the proofs of the irrationality of √2 and the fact that there are an infinite number of primes.

	Completion of above
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